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ABSTRACT
Let f* be a C2 Axiom A dynamical system on a compact manifold satisfying the
transversality condition. We prove that if B, (¢,?) = [y:dist(f°x, f*y) < ¢ for all

0 < s < t], then vol B, (¢,¢) has the order exp(f{ #(f*x) ds) in the continuous

time case and exp(Z/Z) #{f*x)) in the discrete time case, where ¢ is a Holder

continuous extension from basic hyperbolic sets of the negative of the differen-
tial expansion coefficient in the unstable direction. An application to the theory
of large deviations is given.

1. Introduction

Let M be an m-dimensional compact connected Riemannian manifold together
with a C? Axiom A dynamical system f* on it where ¢ € (—0,00) (continuous time
case)or t =...,—-2,—1,0,1,2,... (discrete time case). Suppose that A,,...,A,
are the basic hyperbolic sets of f* on M. Then the tangent bundle TM restricted
to each A; can be written as the Whitney sum of continuous subbundles 7, M =
I'* @ I'* where in the discrete time case I'“ = I'* and in the continuous time case

¢ = I'° @ I'S with I'? being the one-dimensional bundle tangent to the flow f*.
This decomposition is invariant with respect to the differential Df’ of f*, and
there exist constants C;, a;, > 0 such that

1.1 IDf'E| = Cre ' || fortel's, t=0
and
(1.2) IDf "¢ < Cie'|¢]  forf€T¥, 1=0.
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Denote by T;(x) the Jacobian of the linear map Df*:T'y - I'f, with respect to
inner products induced by the Riemannian metric.

Define

dT,(x)
Ca =0

(1.3) d¥(x) =
in the continuous time case and
(1.4) ¢*(x) = —log Ty (x)

in the discrete time case. The function ¢* is defined only on {J; A;. We will call a
continuous function ¢ on M an admissible extension of ¢“ to all of M if ¢ = ¢*
on each A; and ¢ is Holder continuous on a neighborhood of U; A;. We consider
the stable and unstable manifolds

W;= {Z:dist(f’z,f’x)—»()as[q o} and
Wy = (z:dist(f~'z,fx) > 0as { - o}

and the center stable manifold W{° = U,er f/(W3) for x € U; A;. We assume
that W;° and W) are transverse at each point of intersection. This is called the
transversality condition (or sometimes the strong transversality condition).

Put also B, (e, t) = {y:dist(f*x, f°y) < e for all s € [0,¢]}.

THEOREM 1. Suppose that the transversality condition is satisfied, that ¢ is an
admissible extension of ¢ to all of M, and that ¢ > 0 is a small positive number.
Then, there exists a constant C, > 0 depending on ¢ such that for any x € M and
t=0,

(1.5) Co' = vol(By (e, ))exp(—SP (x)) < C,

where vol denotes the Riemannian volume and S?(x) = X524 o(f"x) in the dis-
crete time case and SP(x) = | (; o(f¥x) du in the continuous time case.

This theorem which generalizes the well-known volume lemma from [BR] will
be proved in the next section. Two examples at the end of that section imply that,
in general, the theorem fails to be true if one drops the transversality condition.
In section 3 we will discuss certain applications of Theorem 1.

2. Proof of Theorem 1
Since U; A; contains all limit points of orbits of f* we have

LEMMA 1. For any & > 0 there exists T(6) such that for each x € M there is a
0 < t(x) < T(8) such that f*x € \U; Us(A;) where Us(K) = {y:dist(y,K) < 5}.
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We recall that there is a partial ordering < on basic sets with the property that
if A; < A;, then W¥(A;) N WS(A)) # O.

Since the transversality condition implies the no cycle property, it follows (see
K2, p. 217)) that

LemMa 2. For any 8 > 0 small enough there exists a positive 6(6) < 8 such that
if for some x € M and t > s > 0 one has dist(x, A;) < 8(0), dist(f*x,A;) = 0 and
dist(f'x,A;) < 8(0), then i # j and A; < Aj; i.e. Aj comes after A; in the filtration
of basic hyperbolic sets.

We will need also the following results proved in [K1], Lemmas 3.1 and 3.4, and
in [K2, pp. 133-135].

LeMMA 3. There exist Cy,p, > 0 such that for any x € M and t > 0 satisfying
SUPo<y<: dist(f¥x,A;) < p with p < p, one can find y € A, so that

Q2.1 sup dist{f“x, f4y) < C,p.
O<us<t

LEMMA 4. There exist Cy,p,,ay > 0 such that for any x € A, and y € B.(p,,1)
one has

(2.2 dist(f*y,f$*°x) < Cye~ 2™~ max (dist(x,y), dist(fx, f'y))

where ¢ = a(x,y) with |o| < Csp, in the continuous time case and ¢ = 0 in the
discrete time case.

We now begin the proof of our Theorem.

Take an arbitrary x € M. Define v;(x) = inf{s: fx € U, (A;)} and w;(x) =
inf{s > v;(x): f*x & Uy(A;)} where 8 and 6(0) are as in Lemma 2.

If {5:/°% € Uy (A;)) = D, then set v;(x) = w;(x) = oo.

We may think of v;(x) (resp. w;(x)) as the first (resp. last) passing time of the
orbit of x near A;.

Let ¢ > 0. If for all i, v;(x) = ¢, then by Lemma 1, ¢t < T(8(0)), so (1.5) holds
for an appropriate constant C. Hence we may assume there is an i with v;(x) < t.

Let s; = dim IT'{%, u; = dim T},

By [HPPS], the subbundles I'?’,T'¥ extend to subbundles I'$*, ' on a neighbor-
hood U; of A; which are locally invariant in the sense that if f°z € U, for all
s € [0,t], then

(2.3) D, fyFg) =T,
and

2.4 D, fi(T%) =Tl,.
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Moreover the local stable and unstable manifolds of points in A; extend to fam-
ilies (W}, {W*} of disks which are also locally invariant and depend continu-
ously on compact parts in the C? topology. Note that diim WS = 5; and dimW* =
u; for z € U,;.

Let

2.5) Ui, (x) < W (X) < U,(x) < wp(x) <---<yx) <t

where [ is as large as possible. We may and do assume that U, (A;) C U; and
Sfri®¥x e u,.

By Lemma 2, A;, < A, <---< A,; i.e., the orbit of x goes through neighbor-
hoods of a linearly ordered chain in the filtration. We remark also that Axiom A
and the transversality condition imply that u; = u;, =---= ;. By Lemma 1, we
have

1
(2.6) 0 =<t — 3} (min(t, w;(x)) — v;,(x)) < IT(3(6)).
j=1

Thus, the total time the orbit of x spends away from U; W) (A;) is bounded.

In the following, it will simplify notation if we suppress the dependence on x and
re-label the subscripts of the v’s, w’s, u’s, s’s so that we write v;, w;,4;,s;, for
vij(x),w,-j(x),u,'j,s,}. with 1 < j < . If f'x € U4(A;), we redefine w, to be 7, so
that, in any case, we have f = w, and ¢ — w; < T(8(8)) by Lemma 1.

To estimate vol(B, (¢, t)), we will decompose B, (¢, t) into smooth foliations of
different dimensions, each of which will allow volume estimates in terms of un-
stable Jacobians. Our decomposition is inspired by the tubular families of [P] and
[PS], but our decomposition is much simpler. Similar decompositions into folia-
tions of different dimensions were used by R. C. Robinson in [R] to prove general
structural stability theorems.

To motivate the general constructions, we begin by considering a Morse-Smale
diffeomorphism of a 3-dimensional manifold M having two saddle fixed points
D1, D2 with dimW¥(p,) = 2, dimW*(p,) = 2 and such that W*(p,) has a curve vy
of transverse intersections with W*(p,) as in Fig. 1.

Suppose the eigenvalues of Df(p;) are A;, A2, A3 With | N3] <1< |Nz| < |N],
and those of Df(p,) are A\, A\3, A3 with | Aj] < |A3] < 1 < |A}|. Consider a point
x near WS(p,) and integers T, 7> > O such that f 7' x is near v, f*x is near W*(p;) U
WH*(p;) for 0 <s < T, and fSxis near WS(p,) U W*¥(p,)for Ty <s< T, + T>.
For simplicity, assume f is linear in coordinate systems near p, and p,.

In the following, we use the notation 4 ~ B for positive real numbers 4, B to
mean that there are constants C;, C, with 0 < C; < AB~! < C,. For ¢ > 0 small,
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P, , A
Wia) fﬁg(e.Tl)

~N V4

Fig. 1.

B, (e, T}) is a product B; X B} where Bf is a curve near W*(p;) of length ~e
and B} is a 2-disk nearly parallel to W*(p,) of area ~(A\\,)""1€e2. Further, f
contracts in the \;-direction and expands in the (A, \;)-direction, so f71(B, (¢, T}))
is a product Bf x BY where

length(B;) ~ A\]'e and area(B}) ~ €.

Analogously, B;7., (¢, T,) is a product BS x B} where B3 is a 2-disk of area
~¢2 and B¥ is a curve of length ~(\{)~"2e. Let G, denote the intersection
ST(B (e, T\)) N By7i, (€, T2). Thus, G, is a parallelotope of size ~¢ in the y-direc-
tion, of size ~ (M)~ "2¢ in the A{-direction, and of size ~Mie in the \,-direction.
Clearly, B, (¢, T; + T5) = f~T'G,. In this example, the volume of B, (¢, T; + T3)
is easily estimated in many ways, but we wish to proceed in a manner indicative
of the general case.

For z € B, (¢, T) + T3), write 7 = (z;,2,) with z; € Bf and z, € Bf. Then, the
2-disk {z,} x B is mapped by 7' to a 2-disk near W*(p,). Take a smooth foli-
ation F by curves of f71({z,} X B}') each of which is nearly parallel to W*(p,).
For n € F, the length of N G. is ~ (\}) ~"2¢. Thus, by Fubini’s theorem, the area
of fli{z,} X BYYN G, ~ (\}) Te. ForeachO<s< T\, f (ST ({z;} X B}Y) N G.)
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is nearly parallel to W¥(p,), so each iterate of £~ contracts its area by (A A)~".
Thus,

area({z;} X Bf N f~T'G.) ~ (M) 771 (M) e
This holds for each z, € B, so again Fubini’s theorem gives
vol(B, (&, Ty + T5)) ~ (MA2)"TH (M) "2€? ~ exp(S7, 1y (X)) €2

We now proceed to the general decomposition of B, (e, ?).

It will be convenient to make a definition connected with the decomposition we
shall give.

Let @ € TI!., M = {(21,22, - - - »21) : 2x € M} be a subset of the /-fold product of
M with itself. For 1 < i</, let @, be the projection of @ onto the product of the
first i factors:

@ = {(zy,...,2;) :there are z;,y,...,2z; wWith (2(,...,2i,Zi41,...,%) € Q}.

Let k be an integer between 1 and dim M. By a k-disk we mean a smooth map-
ping vy from the unit k-disk D* in Euclidean space R* into M. Usuaily we refer to
the image of the k-disk v as a k-disk also.

Given x,¢,t,@ as above, an (x,¢,1,@)-disk family is a collection {F, .,
1 < k < 1} of subsets of M indexed by elements of U!_, @, such that

(1) For fixed (zy,...,2) € Q, Fy,... 5, is @ C' u-disk and f¥F,

near a part of W*(f"*x) and has diameter C-e.

() For (21,...,2x) € Qs (Fyy, 52 (215 e 0 224:2) € Bpqr ) is @ smooth foli-

ation of F,, .. N B,(e,Wiyy) (recall that uy < uy—y).

(3) For each 1 < k <, there is an (s, + u_; — n)-disk D, © We(f%x) (which

may reduce to a single point) such that f**(F,,, . _, ) NDy={z}. f Dy
is not a single point, then its diameter is of order C-e.
@) Uq,.....zpeaF,....zs = Bx(e, w)) and this is a disjoint union.

LEMMA 5. There is a set @ < I1!_, M for which an (x,¢,t,Q)-disk family
exists.

We assume Lemma 5 for the moment and proceed to prove Theorem 1. In the
following, it will be convenient to denote by C(e) a function of ¢, independent
of ¢, which is allowed to change in each equation in which it appears. We shall also
use the notation 4 ~ C(€)B to mean that there are functions C, (¢), C,(¢) such
that C;(e) < AB~' < Cy(¢).

Using the locally invariant families { W5}, { W} one can easily extend the proof
of the Bowen-Ruelle volume lemma on a hyperbolic set A; (see [BR]) to a small
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neighborhood of A;. This extended volume lemma which we will call the /local
volume lemma says that (1.5) is true provided f*x € U, (A;) for all s € [0,¢].
In fact, this follows from Lemmas 3 and 4 together with the Bowen-Ruelle vol-
ume lemma. Alternatively, one can prove the local volume lemma using the tech-
niques in [PSh].

We will need the following lemma, some variant of which is usually proved as
part of the proof of the Bowen-Ruelle volume lemma.

If D is a u;-disk, we use vol;(D) to denote its u;-volume.

LEMMA 6. Suppose f°x € Uy (A;) for all s € [0,8]. Let W be a u;-disk C?
near a part of W*(f%x). Then,
vol,(f W) ~ exp(Sg(x)) -vol;(W).
It is this lemma which requires the Holder continuity of ¢ on U, (A;).
Consider the (x,¢,f,@)-disk family {F,,  ,:1 =<k =</]. Thesets {F,, .

(z1,...,2;) € @) give a decomposition of B,(e,w;) and each f™F, . i
u,-disk near W¥(f*'x) of diameter C(¢). Let

le ..... 2 =fw1Fz| ..... z N Bf""x(fvt - w).

Since t — w; < T(6(8)), we have that F’zl ,,,,, ., 18 also a u-disk with diameter C(¢)
provided ¢ is small enough depending only on f.
Moreover,

By(e,t) = B, (e, W) nf_wle“'/x(f,t - w),
SO

fWIBx(fyt) =fw’Bx(f’wl) N Bfw’x(e)t - wl) = U le ,,,,, z;*

Thus {f~™F,,, ..} gives a decomposition of B, (e,?).
We will show that

(27) vol (f_wl( U F~z| ,,,,, z,)) i exp(S,‘"(x)) -C(e)

2, by about

.....

exp(S%, -, (f*x)). Thus,
vol,(forvi(F,
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Let G,,, .., =Usep, f7"(F,, ), so that this is a u,_,-disk near f¥x.
If D, reduces to the point {z;}, then u,_, = u,;, and, trivially,

(2.8) vol,_1 (G, ..z,) ~ exp(S8,_, (fUx))-C(e).

If D, is a non-trivial disk of diameter C(¢), then Fubini’s theorem gives (2.8).
Let £, .., =f""""G,, .., so thisisa u,_,-disk near f*-'x. Since v, —
w1 < T(8(8)), we have

.....

VOll—l( U F~Z| ..... 21_1) -~ exp(S$l_wl_l(fWI—lx)) 'C(f).

€Dy

----- 1
), We have

vol,_2(G,,,. 2 ,) ~ €Xp(SS,_ —,,_ (fU-1%)) - exp(S¢_,,_ (f*1x))-C(e)
~ exp(89,_,,_, (f"1x)) - C(e).

Continuing in this manner gives

Since v; < T(6(0)) and t — w, < T(8(8)), we have
vol(B, (¢, 1)) = vol( U f™E,, z,)) ~ exp(S89,(x))-C(e)

and exp(Sg,(x)) ~ exp(S?(x)) which gives (2.7). ]

Now we prove Lemma 3.
We begin with a smooth foliation F of a small convex neighborhood W, of f¥'x
into u,-disks C' near W*(f¥x) and D; = V; N W(f¥'x). Let

@, ={z:3F€F with FN D, = (z}].

Then, for each F € F, f*'""'(FN By (e, w; ~ v;)) is a C' u;-disk of diameter
C(e) near a part of WH(f*'x). We let

{F,) =f7""{FN By (e,wy —v)): FETF,FND, = {z,}} N B,(¢,0y).

For z, € Dy, f**(F,,) is a u,-disk C! near f2="1 (W*(f" x)). Choose points
X| € Ay, X, € A, such that f™ix is near x; and f“2x is near x,. Continuity of the
families {W*} and { W<} gives that W¥(f*'x) is C! near W*(x,;) and W(f?2x)
is C! near W%(x,). Since v, — w; < T(8(8)), and 22~ *1(W¥*(x,)) is transverse to
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W<(x,), we have that f*2(F, ) is transverse to We(f"x). Thus, D, = f 2(F,) N
Wes(f2x) N U, (f2x) is either a point or a smooth (u, + s, — n)-disk of diam-
eter C(¢).

In the latter case, f*2(F;,) N U (f*2x) can be fibered by u,-disks F;, which are
indexed by z, € D, and satisfy:

(1) F,,N D, = (2} and F_, is transverse to D, at 2.

(2) The angle between F, and W<(z,) at z, is bounded below by a constant

independent of z,.

(3) The u,-volume of F, is of order C-e.

We let

F~Z],Zz = Féz n BfuzX(E, Wy — Uz).

The A-lemma [P] implies that, for s € [0, w, — v,], the angle between f S(F‘zl_ 2)
and W(f*+'2x) remains bounded below by a constant independent of z,, and
(assuming that w, — v, is large) f WZ‘"Z(EI, 2,)is C ! near a part of W*(f"2x). Also,
since f behaves hyperbolically near each f***2x, the u,-volume of f “’2"”2(13";,,22) is
of order C-e.

Now, we set @, = D, X D,, and we get F;, ., by pulling back th 2
neighborhood of x using f "2 and intersecting with B, (¢, v,). That is,

to a small

F:Z],m =f—uz(ﬁ;xyzz) n Bx(fy v3).

Continuing in this manner proves Lemma S§. [ |

ReMARK 1. Using some of the arguments in the proof of Theorem 1 (without
computing volumes) one can prove a global shadowing result for systems satisfy-
ing Axiom A and the transversality condition. This result says that if f is an Ax-
iom A diffeomorphism on M satisfying the transversality condition, then there
exist C, €g > 0 such that for any e-pseudo-orbit {x;} with € < ¢, there exists y € M
such that dist(f‘y,x;) < Ce. In the case of flows one obtains shadowing with time
reparametrization. A slightly weaker version of this shadowing result was stated
by Robinson on page 430 in [R].

REMARK 2. In general, Theorem 1 fails to hold if the transversality condition
is not satisfied. We now give two examples illustrating this.

ExampLE 1. Consider a smooth gradient vector field X on a compact surface
M with a saddle connection y between two hyperbolic critical points p, p". Thus if
7' is the flow associated to X, and x € y, we suppose that n'(x) »pasf— —o
while '(x) = p’ as t — o,
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b — SN~ —‘
L
X, Xl\

-~
—
A4
Kad

Z N
\ i) \ '
Ay % v
. N
z0
Fig. 2.

Let I, be a transverse arc to y at x, € v, let L_ be a transverse arc to W*(p) at
x_, and let I, be a transverse arc to W¥(p’) at x, as in Fig. 2. We may and do
assume that »’ is linear in C! coordinates near p and p’. Let \,\, be the eigenval-
ues of the derivative of X at p, and let A}, A5 be those at p’ with A} < 0 < \; and
AM <0<

Consider a point y in L, near x,. Let ¢; = £,(») be the least positive 7 such that
77" (y) € E_, and let ¢, = ¢,(y) be the least positive ¢ such that 92(y) € L.. As-
suming dist(x_, p) ~ dist(x,,p’) ~ h, we have

dist(y,x,) ~ heM*t ~ he2%2,

If € > 0 is small, y is close to xo, and z; = n~"1( ), then B, (¢, #,) is a small cur-
vilinear rectangle near x_ whose height is ~¢ and whose width is ~e 21 .¢. Also,
7"1(B;, (¢,4)) is a smooth rectangle containing y whose height is ~e/t-¢ and
width ~e¢. Since e*/t ~ e™2"2, a fixed proportion of 91 (B,, (¢, ,)) is in B, (¢, 1,).
Thus,

vol(B,, (¢,t; + t,)) = C.e ™2

while S?,,.(z1) ~ —A2f; — Not,. Thus, for large ¢, and 1,, vol(B,, (.1, + 1)) is
much bigger than exp(S7,,,(z,)).

ExampLE 2. In this example of a diffeomorphism in dimension three, there are
fixed points p, p’ such that:
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(1) dimW*“(p) = 1.
(2) dimW*(p’) = 1.

(3) W*(p) and W3(p’) have a single orbit O(z) of intersections.
(4) f is linear in suitable coordinates near p and near p’.
(5) The eigenvalues of Df(p) are real, say A (D), (D), :(p) and satisfy

M(p) >0, M(p) <0, A5(p) <O.

(6) The eigenvalues of Df(p’) are real, say A, (p'),A\2(p’),A\3(p’) and satisfy

A(p’) >0, M2(p") >0, M3(p") <0.

Let Wi, W§ denote f-invariant line segments near p’ tangent at p’ to the eigen-
spaces of A\;(p’),\,(p’), respectively. We assume that near z, W*(p) contains a
line segment which is parallel to W} as in Fig. 3. We also assume that WY is par-

W v B &)
i o !

we")
7\2 (p)/ u
W ()
< v
P A P _’
~ 1
b
N B ¢,
/ )‘3("’) £ zle tl)
AZ(P ) |
W
p lI(P )
u
Wy
Al@) >0, 12()) <0, l3(p) <0
w" ®)

lla)) >0, Az(p) >0, la(p') <0

Fig. 3.
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allel to the direction of A,(p). Then, for suitable large ¢,, ¢, and small ¢, we have
the following.
If z, is a point whose orbit stays near W*(p) U W*(p) fortime 0 <¢ < ¢, and
stays near W¥(p’) U W3(p’) for time ¢t <t < {, + £,, then:
(1) In the direction W¥, f/B, (e,j) is less thane forty <j <t + t,.
(2) In the direction of Wy, f"B, (¢,t,) is already of size ~e¢, so in this
direction

Bz (6, + 1) ~ ee ~ NP+ M(P)
. .
Thus,
vol Bz (6,8, + tz) ~ 63e—(’|)\1(l7)+fz)\|(p'))
1
while

820,(21) ~ —(M(P) + M (P + M (D)D)

3. Applications

In this section for any set G C M let G denote its closure and let G, = {x: f“x€ G
for all u € 10,¢]}). Let M denote the set of all f-invariant probability measures
whose support is contained in G. For p € Mg, let h(f 1y denote the entropy of
S with respect to u. Let C(G) denote the space of continuous functions on G.
Let e > 0. A subset E of G, is called (¢, t)-separated if whenever x # y € E there
is aj € [0, ) such that dist(f/x, f/y) > €. For ¢ € C(G), let 8/ (x) = Ti2h ¥ (f"x)
in the discrete time case and S)(x) = Jo ¥ (f“x) du in the continuous time case.

Set

Zo(e, ) = sup[ S) exp(8Y(x): EC G, is (e,t)-separated].
XEE

The topological pressure P () is defined to be

lim lim sup - log Zs(e, t, ).

e—0 t—

The variational principle extended to non-invariant sets in Proposition 3.1 of
[K3] says

3.1 Pe(¥) = sup (fwm ; h#(f'))

wEMg

where this is defined to be — if M is empty.
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Introduce the occupational measures

1
§'§= -f 5fsxds
tJo

in the continuous time case and

ltl
g-;=_ 5ka
! k=0

in the discrete time case. Remark that f5y d¢! = SY(x) for any x € G,. We denote
also by m the Riemannian volume on M.

THEOREM 2. Let f* be a C* Axiom A dynamical system on M satisfying the
transversality condition, and let ¢ be as in Theorem 1. Suppose that G C M is an
open set such that for each basic hyperbolic set A; either A, C G or A;N\ G = @.
Then for any V € C(M),

(3.2) lim %logf exp(tf Vdg‘;) dm(x) = Ps(¢ + V).
o ,

{—o | G

In particular, taking V = 0 we obtain

3.3) lim % log vol G, = Pg(9).

t—oe

Furthermore, for any closed subset K of probability measures on G,

(3.9 lim sup % logm{x:{l€ K} < —inf{I(v):» € K} < Pg(¢)

where

—f¢dV - hv(fl) I:fVGJV\Ga
I(v) =

0o if¢$JV\c-

Proor. If G =M, then Theorem 1 with Propositions 3.2, 3.3, and Theorem
3.4 from [K3} yield (3.2)-(3.4) directly. Now suppose that G C M is a proper open
subset satisfying the conditions of the theorem. It suffices to prove (3.2) since (3.3)
is a partial case of (3.2), and (3.4) follows from (3.2) by means of the first part of
Theorem 2.1 from [K3] together with the variational principle (3.1).
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Let € > 0 be small enough so that we can choose a closed set X satisfying:
(1) XCG.
(2) inf,cx dist(y, M\G) = ¢.
(3) X contains the same basic hyperbolic sets as G.
Then

(35) cMX = CN\G.
Let
Y (V) =sup{|V(y) — V(2)|: 5,2 € M and dist(y,2) < €}.

Note that y. (V) —»0ase— 0.

If E is an (e,t)-separated set and y,z € E, then the sets B,(e/2,t) and
B,(e/2,t) defined before Theorem 1 are disjoint. Moreover, if X contains this
(e, t)-separated set E and y € E, then B,(e/2,t) C G. Let 8 = B (e, 1) be the col-
lection of subsets of X, which are (e, ?)-separated.

If we put

Q.(V) =f exp (tf Vdg';) dm(x)
G G

[

then, by (1.5),

o) = Sup{ 2 m(Bx(é/Z,t))eXp<tf V=7.(V)) d?i)}
Ee® X

x€EE

(3.6)
> C‘sup{ P exp(tf (V+¢-— ve(V))) dd}-
X

Ee®\ xeE
Take 1/t log of both parts of (3.6), let  — o, and then let e —» 0. Using (3.6) and
Proposition 3.1 of [K3], we get

3.7 lim inf % log Q,(V) 2 Px(¢ + V) =Pg(o + V).
=
If E is a maximal (e, f}-separated set in G,, then U,z B, {¢,2) D G,, 50,if G =
G(e, t) denotes the collection of subsets E of G, which are (e, ¢)-separated, then
(1.5) gives

o(V) = Z“%{ D, m(B,(e,t))exp (tf V+7y.(V) ds“i)}
(= G

x€E

(3.8)
=C, sup{ 2 exp(tf_ (V+é+v.(V) ds“i)}-
G

E€G\ xeE
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Again, take 1/¢log of both parts of 3.8, let t - o, and ¢ —» 0. From Proposition
3.1 of [K3], we get

lim sup ; log Q,(V) < Pgs(¢ + V).
{— o0

This together with 3.7 gives 3.2 and completes the proof of Theorem 2. [ ]

By the variational principle 3.1,

Pg(¢) = mlaX{PA,-(tb)ZA: Cc Gl

It is known (see [BR]) that P, (¢) < 0, and Py (¢) = 0 if and only if A, is an at-
tractor. Thus, if G is disjoint from the attractors, then P5;(¢) < 0 and (3.3) gives
a precise escape rate of points from G strengthening the results of [W1] and [W2].
Remark also that (3.4) is the so-called upper large deviation bound for occupa-
tional measures. The corresponding lower bound usually will not be true if G con-
tains more than one basic hyperbolic set (see Remark 3.3 in [K3]).
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